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ABSTRACT 

A. Frank and A. Gy¡rf¡s (1976) have conjectured that ln a 

reducible dig~aph D the maximum number of edge disjoint cycles 

e uals the minimum number of edges intersec~ing all cycles of D. We 

preve this conjecture in the special case when D has at most two 

di tinct dominators. The proof leads to a polynomial time algorithru 

for finding both the max1mum set of cycle¿ and minimum set of edges. 

in the considerad case. 

"RESUMO 

A. Frank e A. Gy¡rfas (1976).conjecturaram que ern um 

grafo redutÍvel D o numero maximo de ciclos disjuntos em arestas 

1 ~..; 
01 

igual ao ero mÍnimo de arestas que interceptam todos os ciclos 

de D. .. 
max 

pol 

Prevamos essa conjectura no caso especial em que D 

dois denominadores distintos. A prava conduz a um 

possu1. no 

algoritmo 

omial para encontrar tanto o conjunto m¡ximo de ciclos quanto 

ca unto mÍnimo de arestas, no caso considerado. 



'l. Introduction 

A conjecture by A. Frank and A. Gyárfás [2) states that 'the 

rnaximum number of edge disjoint cycles of a reducible digraph D 
! 

equals the minimum number of edges whose removal tu S acycli 

In the presen~ paper we preve a special case of this conjecture. 

The orocf is const:.ructive anf! lea:!s toe, polynomial time algoritJ-m 

finding such a maximum set of cycles and minimum set 

edge~, in the considered case. 

A flow dioraoh is a digraph D together with a vertex s ~ 

V( 9 called root, such that every vertex of D is reachable from 

~. In pa:r.-ticular, if every path frorn s to v <E V (D) contains w E 

V D) ·then w domina tes v. A ( fully) reducible digraph is a flo\v 

graph D such b~at each cycle e of D contains sorne vertex~ 

eh dominates all the vertices of C~ vie call w a donünato.r of 

C and D ® Se e [ 5, 7 ~ 9]. 

Let D be a general digraph" Denote by 

~V = set of vertex disjoint cycles of D 

= set of edge disjoint cycles D 

Sv = set of vertices intersecting all cycles of D 

S- = set of edges intersecting all cycles of D E 

Clearly D rnax 1 a vl::.. min l e 

and BE are also known as feeaback vertex and 

sets~ respectivelyG Recall that the problems of finding 
' ' - . 

niir1um ca rdinali ty sets a V and aE are 

edqe.· 
-~"' 
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The'orem 1 (Frank and Gyá:rfás·, ; [2J) : If · D i·s reducible . 
. l 

the~ maxlav~~) l=min}Bv(D).¡. 

. -.. 

It follows that a mínimum feedback ver'tex set 

reducible digraph can be found in pol:irnomial time [2, 4, 8] • 
1· 

of a 

Conjecture (2): If bis reducible th~n max!aE(D) l=miniRE(D) 1. 
We prove this conjecture in the case when D has at most 

' 
two distinct dominators. 

2. The Proof 

Throughout this section, D will always denote a reducible 

digraph. 

Let C-: v1 ,~ •• ,vk,v1 , k>l, be a cycle of D and v 1 the 

dominator of c. Then edge (vk, v 1 ) is called a back ·edge of D. 

Lemma 1: Each cycle of D contains exactly·one back edge. 

Proof: Let vl' ••• ,vk,v 1 be a. cycle of D and v 1 i ts 

dominator. Then (vk , v 1 ) is a back edge. Suppose that C contains 

another back edge (vi,vi+l), i;lk. In this case, vi+l is the 

dominator of another cycle e• which contains vi. Let P be a path 

frorn s to v 1 followed by v 1 , ••• ,vi. Then P rneets C' in a vertex 

which is not its dorninator, a contradiction. That is, e has exactly 

one back edgeA 

Let {r1 , ••• ,rm} be the set of dominators of D. Denote by D* 

the network obtained by the foll·owing construction: 

1·. Rernove al¡ back edges of D. Let DA be the resul ting acyclic 

digraph. 



2. Assign a distinct·positive label 1 x(ri) to each domirtator 

i;!j. 

~ "'11 

that if r 1 ;reaches r. in DA then .x(::;:-1 > < x (rj) ,l~i~j~"TI 
J 

3. For each back edge (v,r.) of' D, include a new vertex 
J 

an edge (v ,w). Assign to t.:r the negative label 

4G Include the ordered sets 

and 

new vertices. S and Tare the sources and sinks of D*, 

respecti vely. For l::j <m 9 in elude the · edge ( s.:., r.) and an edge to 
' J J 

from every vertex wi th label -x (r.). · Jl.ssign to s. and the labels 
J J 

x{ ) and -x (r.) ¡ 

J 
respectively. 

5. Assign c.apacity 1 to ea eh edge of DA and infini te to tr1ose 

S and entering Tj¡ 

The sets S={s.} and T= {t,J are in normal order if 
.l, ·l. 

(s~.}<x(s.+~) and x(t.)>x(t.+l), l<i<m, respectively. 
). .l, .J. :l. l. - -

J_,emma 2 ~ Let S={ s 1 , "."; sm} and T:={ t 18 " •• , tm} be the source 

sinks of D*, respectively in normal arder. Then there is 'a 

one-to~one correspondence between cycles of D and s.-t. paths 
J J 

Proof~ Let v 1 ,.". 0 vk,v1 be a cycle C of D and 

ator. Then (vk u v1 ) is a back edge and there · exists w íé 

)~V(D) such that (Vk¡W) E E(D*) and x(w)=-x(v1 ). Consequent 

some j, l~<m, (s.$v1 } 9 ,t.)~ E( ) and therefore 
J J 

sj, , .•. ,vk,w,tj is a path in D*. The converse is similar¡ 
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Lerrlma' 3: Let { r 1 , r 2), S={ s 1 ,; s 2} a.n·d 'T~{ t 1 , t 2 } be the 

·dominators 1 soürces and sinks of D* in normal order 1 re.specti ve.ly. 

Denote by f a S-T flow in D* having va-lue n and such that 

f(s 1 )~f(t1 >. Then D has at least n edge disjoint cycles 1 

..... __ ..... _. -···-·------- ... ····-··--···--·-···--··--·-.... --.--·~··· 

Proof: Since f has value n, D* contains a ~et_P..t=I_PI=_n, of 

S-T edge disjoint paths. ·Divide Pinto four subsets P1 ,P2 ,P 3 and 

P~ 1 consi~ting respectively of s 1-t1; s 2-t2 , s 1-t2 ·and s 2-t1 paths. 

Clearly, 1~ 3 1= f(s 1 >-IP1 1 and IP 4 1=f(t1>-IP1 1. Hence IP 3 l~IP4 t. 

We obta"i~1 the required cycles as follov1s. Each path of P 1 or P2 

corresponds to a cycle of D1 according -to lenuna 2. Since D is 

reducible, each ,~ 1-t2 path contains r 2 . Consequently, the union 
. . -{'.-.:.. .. '1 ...... ) 

of a pair of .<;ycles, one of P 3 and the other of P 4 , contains two 

disjo·int paths, of types s 1-t1 and s 2-t2 , respectively, that is, 

new ~;eles of D. In addition, the IP3l-IP4 ! remaining s 1-t2 paths 

two 

can be transformed into an equal number of s 2-t2 paths, by 

_disregarding the s 1-r2 subpaths and adding edges' Cs 2_,r2 ). A total of 

n edge disjoint cycles of D has been obtained! 

If k>O is an integer denote by kD* the network obtained frorn 

D as follows: 

l. Construct D*. Let DÍ, ~ .. ,Dk be k identical copies of 

= 
D*, with S.={s. 1 , ... ,s.} and T.;:={t .. , ••• ~t. }, resnectivelv the 

~ · ~ ~m ... ~ ~m - -

sets of sources and sinks of D~, in normal arder. The vertices of 
~ 

s1 and Tk . are the sources and sinks of kD*, respectively. 

2.1! For l<i<"k and l<j<rn 

assign to it infinite capacityA 

include an edge (t .. 1 S; +l . ) and 
~J ~ 1 J 
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2 

Figure 1 : A reducible digraph D i 

associated networks. 
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llem\na •4 ~ If kD* ha~ a. cut X of c~nacit.y n<ro then D. has 

a feedback edge· set 13E., such tha.t ·ISEi~n-• 

Proof: Let Q=={e e E {D) .e 'E. X}. Then 1 Q! ::_n. Next~ we show 

at · Q is a feedback edge se·t. Suppose i t is noto Then 1by lemma 2, 

has a path p of the type s.~t. containirig no edge of Q. By 
J J 

repeating p in each copy D~ of kD* we obtain a s 1~Tk path in kD* 
. . ~ 

with no edge of X, a contradi6tion& 

Proof: If m=l the theorern follows from.lerruna 2 ano the 

max~flow min-cut theorem [1 J applied to D*. l\"'hen m=2, construct kD* ,, 

sources and sinks of , respect~vely in normal order, and f a 

:rna;.: s1 ~Tk in having value :n.. Suppose, initially, 

f { } < f ( til) 11 for· 

"'~} ~' l<i • Because f (t. 2 ) = f(s.+l 2 ) 6 l~i<k~ ~tle conclude 
&. -~- . ~ l-u 

f( 2 > > fCs 22 >> ••• > f(sk 2 ). However, the latter inequality 

can not occur because f(s12 ) < jE(D) 1, k=!E(D) 1' and all flow valbes 

f(s 12 J are non nega ve tegers. Consequently, there exists sorne 

at. f (s . 1 ) > f (t . 1 )" Applying lerruna 3 ·to D~ u we 
J' - J . - J 

conclude that D con·tains at least n· edge disjoint cycles u that is, 

max! l2n. By the max-flow min-cut theorem, kD* has a cut of 

ty n and us lemma 4 it follows that D contains a feedback 

set of size ~n~ that is 0 min!BE(D) !~n. Hence 

rnax 1 (D) 1 ~ min 1 BE (D) 1. Since max 1 aE (D} ~~ rnin i BE {D) 1 the equali ty 

followsll 



J. The Algbri~hms 

The algorithmsfollow from the proof. Given the reducible 

Dr construct the network kD* 0 k=IE(D) 1. Then find the 

imunl cut X of kD*. The edges of D which forro X consti tt1te 

nimum cardinality .feedback.edge set BE. For finding a maximum 

set sjoint cycles o.E., let f be the rnaximurn S-T flm,r in 1 E ) ' 

Next, identify the copy D~ in !E(D) ID* such that f(s. 1 ) >. f(t. 1 l. 
J . J - J 

use the construction of lernrna ! which transforms f into the 

Both algorithms, for finding a minirnurn feedback edge set a~d 

a rnaximum set of edge disjoint cycles, have the same cornplexi ty 

as a rr,aximum s~T flovl in the network · jE (D) l D* 11 that is 

al in 1 V (D) 1 " 
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